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ABSTRACT

We investigate Bowen’s metric definition of topological entropy for homeo-
morphisms of non-compact spaces. Different equivalent metrics may assign
to the homeomorphism different entropies. We show that the infimum of
the metric entropies is greater than or equal to the supremum of the mea-
sure theoretic entropies. An example shows that it may be strictly greater.
If the entropy of the homeomorphism can vary as the metrics vary we see
that the supremum is infinity.
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Introduction

Topological entropy is an important tool in the study of dynamics on compact
spaces. One reason for this is that topological entropy can be studied from
more than one point of view. The original definition of Adler, Konheim, and
McAndrew [AKM] used open covers. Bowen gave two definitions; the first [Bo1]
used metrics and the second [Bo2] used information theory. A second reason for
the usefulness of topological entropy on compact spaces is the variational prin-
cipal ([Gw],[Di],[Gm]), which states that the topological entropy is equal to the
supremum of the measure theoretic entropies over all invariant Borel probability
measures. The connection between the measure theoretic and the topological
entropy is also illustrated by Katok’s ([Kk],[BK]) definition of measure theoretic
entropy using the metric methods of Bowen.

For non-compact spaces, there appears to be no such unity. Bowen generalized
his metric definition to the non-compact setting in [Bol]. His definition from
the information theory point of view [Bo2] was originally stated in terms of
non-compact spaces and has since been greatly expanded by Pesin [Pe] and by
Pesin and B.S. Pitskel’ [PP]. The open cover definition of Adler, Konheim, and
McAndrew can also be generalized. Unfortunately, there are no known relations
between these three. One can still define measure theoretic entropy in the same
way, although it is now possible that the space M(T') of all T invariant Borel
probability measures on X will be empty. See [O] for a complete discussion of
the existence of invariant measures.

Our focus in this paper is on the Bowen metric definition. Let X be a (not
necessarily compact) metric space with metric d and let T be a homeomorphism
of X to itself. We denote the metric entropy, defined below, by h4(T). One
immediate problem with this invariant is that it depends on the choice of d.
For example, if X = R and T(z) = 2z, then one would expect (and it is easy
to check) that hqe(T) = log2 with respect to the usual metric on R. But T is
conjugate to T'(z) = cz for any positive constant c¢. Using this conjugacy to
change the metric, we see that hy(T) takes on all values in (0,0) as d varies
among topologically equivalent metrics. To create an intrinsic definition that
does not depend on the choice of metric, we consider the extreme values for
ha(T), namely, AP (T) = sup{ha(T)} and hp(T) = inf{hq(T)}. We show in
section 2 that A is not a useful invariant; if hy(T) varies as a function of d, then
RP(T) = .
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We denote sup{h,(T): p € M(T)} by hy(T). It is not hard to show (Propo-
sition 1.4) that hy gives a lower bound for Ap. One main result (Theorem
1.8) of this paper is that a full variational principal does not hold. Namely,
there exists a o4 invariant Borel subset X C £, (the full 4-shift) such that
hv{c4|X) < hp(o4|X). To prove this we rely on an example of an invariant
Borel set X C ¥, that has measure zero with respect to any invariant Borel
probability measure but for any open set containing X there is an invariant
Borel probability measure that gives the open set measure one. The example is
due to Dan Rudolph and is explained in the appendix. This result is similar to
one of Pesin and Pitskel’ [PP], in which they show that the variational principal
does not hold for the information theory type entropy and its generalizations.
The spaces and the techniques involved in these two examples are quite different.

We conclude this section with Bowen’s definition of /4(7T). Let K C X be a
compact subset. A set E C K is an (n,¢, K) separated set if for every z,y € E
there is an 4, 0 < i < n, so that d(T*z, T%y) > €. Let r4(n, ¢, K) be the maximal
cardinality of an (n, ¢, K) separated set and let

— 1
ha(T, K) = lim lim Elogrd(n,e,K).

e—0 n—oo

Then define the entropy of T with respect to d by hg(T) = sup hq(T, K), where
the supremum is over all compact K C X. For a thorough discussion of these
ideas see [W].

1. The relationship between hy and hp

The main results of this section are (Proposition 1.4) that hy < hp and that
(Theorem 1.8) strict inequality hy < hp sometimes occurs. We also present
some special cases (Lemmas 1.5, 1.6 and 1.7) in which hp = hy.

We begin with some standard counting arguments.

Let € = {C1,...,Cx} be any finite collection of disjoint subsets of X; C need
not be a cover of X. We say that a finite set E C X is (n,()- separated if for any
pair of distinct points z,y € K, there exists 0 <i<nand 1 <r # s <k such
that Tz € C, and T'y € C,. Define 7(n,C, K) to be the maximal cardinality of
a (n,C)-separated subset of K.

Our first observation will allow us to relate r(n,C, K) to hp. Note that the
hypothesis on v is automatically satisfied if the C.’s are compact.
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OBSERVATION 1.1: Choose a metricd on X. If
v =min{d(C,,C,): 1 <r # s < k}

is greater than zero, then r(n,C, K) < rq(n, v, K) for all y1 < .
The following two lemmas will allow us to relate r(n,C, K) to hy.

LEMMA 1.2: For any invariant measure p and compact set C with u(C) > 1-6/2,
there is a compact set K C C with p(K) > 1 — 6 and an N so that for every
n>Nandze K

1 n—1 ]
~ xc(T'z)21-6.
s

Proof of Lemma 1.2: For each N > 0, let
1 n—1 .
Gn(C) = {x €x: - ;XC(M) >1-6, Yn> N}.

It suffices to show that some K = C N Gn(C) is compact and satisfies pu(K) >
1 — 4. The first property follows from the fact that each Gn(C) is closed in X.
For the second property, note that every regular point of u is contained in some
Gn(C), so that u(UGN(C)) = 1. Since the Gn(C)’s are an increasing family,
u(GN(C)) > 1—6/2, and hence p(C N Gn(C)) > 1 — 6, for all sufficiently large
N. 1

LEMMA 1.3: Let P = {Py,..., P} be a Borel partition of X, let C. C P, be
compact subsets and let C = {Cy,...,C,}. Suppose that K C C = |JC, is
compact and that there exists 6 > 0 so that for alln > N and allx € K

1 n—1 )
=) xe(T'z) >1-6.
n &

Then )
m; logr(n,C, K) > lim

3=

logr(n,P,K) — ¢(6)
where €(6) — 0 as§ — 0.

Proof of Lemma 1.3: If z,y € K and {z,y} is not a (n,C)-separated set, then
we say that r and y are (n,C)-indistinguishable. In other words, x and y
are (n,C)-indistinguishable if for each 0 < i < n, either both T%(z) and T%(y)



Vol. 91, 1995 METRIC AND ENTROPY 257

are contained in the same element of C or at least one of the points T*(x) or
T%(y) is contained in X N\ C. Assuming without loss that § is rational, choose
n > N so that én is an integer. The first step in the proof is to show that
the cardinality of a (n,P)-separated subset S C K, all of whose elements are
(n,C )-indistinguishable is at most k20" (,7 ).

For r € S, let J(z) = {j: 0 < j < n; fi(z) € X ~C}. By hypothesis, J(z)
has cardinality at most én. Choose a collection J of 26n integers between 0 and
n — 1. Suppose that z,y € S and that J(x)U J(y) C J. f0<i<n-—1is not
an element of J, then both T%(x) and T%(y) are contained in the same element
of C and hence also in the same element of P. Since {z,y} is (n, P)-separated,
there exists 7 € J such that T%(x) and T%(y) lie in different elements of P. We
conclude that there are at most k2" points x € S with J(z) C J. Our claim
now follows from the fact that there are at most (3, ) ways to choose J.

We now know that
r(n, P, K)

K2 (on)

(n) n'%
k 2n(n — k)2 k¥

to asymptotically estimate (,5 ).

r(n,C,K) >

Use Stirling’s formula

26n _ n
hm logr(n C,K)>lim— (logr(n P,K) - logk log (2611))
—Tmo logr(n P,K)—26logk

+ 5[(1 — 26) log(1 — 26) + 26 log(26)]
All terms involving é go to zero as ¢ goes to zero. |

We can now apply our counting arguments to obtain an inequality relating hp
and hy.

ProrosiTiON 1.4: hy < hp.

Proof of Proposition 1.4: Fix a metric d, an invariant Borel probability measure
U, a finite Borel partition P = {Py,..., Py} and § > 0. Choose compact sets
C, C P, so that C = U’:=1 C, satisfies 4(C) > 1 —6/2. Choose K and N as in
Lemma 1.2. By the Shannon-McMillan-Breiman theorem

r(n, P, K) > (1 — 28)2hu(TP)=é)n
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for all sufficiently large n. This means lim 2 logr(n,P,K) > h,(T,P) - 6.
Observation 1.1 and Lemma 1.3 imply that for all sufficiently small v > 0

ha(T) Zm%logrd(n,v,K)
Zmilogr(n,C,K)
Se— |
> lim - logr(n,P, K) —€(6) > h,(T,P) — (e(6) + 6).

Since €(6) + 6 can be made arbitrarily small, h4(T) > h,(T) for all metrics d and

all invariant measures p. |
We now present some cases in which hy = hp.

LemMMA 1.5: If X is a locally compact metric space, then hy(T) = hp(T).
In fact, there is a metric compactification X* of X and an extension T* of T
such that h(T*) = hy (T).

Proof of Lemma 1.5: Since X is a locally compact metric space, its one point
compactification X* is metric and T extends to a homeomorphism 7*: X* — X*
that fixes the point at infinity. The only ergodic invariant Borel probability
measure on X* that is not a measure on X is the point mass measure that
gives the point at infinity mass one. Since this measure has entropy equal to
zero, hy(T*) = hy(T). The variational principal for compact spaces implies
that hy (T*) = hq(T*) for every metric d on X*. Lemma 1.5 now follows from
Proposition 1.4 and the fact that Ay x(T') < he(T™). |

LeEMMA 1.6: If X is a countable state Markov shift and T is the shift transfor-
mation, then hy (T) = hp(T). In fact, there is a metric compactification X* of
X and an extension T* of T such that

sup{h(A,T): compact invariant A} = hy(T) = hp(T) = h(T™).

Remark: The variational principal for compact spaces implies that sup{h{(A, T):
compact invariant A} < hy(T). In general, equality does not hold. For example,
if T: X — X is a positive entropy minimal homeomorphism of a compact metric
space, and if O(T, ) is the orbit of some z € X, then hy (T~ O(T, z)) = hy (T) >

0 but (T~ O(T, z)) contains no compact invariant sets.

Proof of Lemma 1.6: This is a result of D. Vere-Jones [V-J] and B.M. Gurevich
[G]. A discussion of the dynamics of countable state Markov shifts can be found in
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[K]. A countable state Markov chain is defined by a countably infinite, irreducible,
0-1 matrix. Vere-Jones showed that the supremum over the spectral radius of the
finite submatrices, A, is in many ways analogous to the Perron eigenvalue of a
finite, nonnegative, irreducible square matrix. A finite square 0-1 matrix defines a
subshift of finite type. It is compact with topological entropy log A where A is the
Perron value. This means sup{h(A,T): compact invariant A C X} > log A where
A is the Perron value defined by Vere-Jones. Gurevich defined a compactification
with entropy log A as follows. Let T be a countably infinite 0-1 matrix. It
defines a countable state Markov shift, ¥, that is a shift invariant subset of
{1,2,3,...}%. We think of the one point compactification of the positive integers
as {1,1/2,1/3,...,0}, let 7 be the closure of 7 in {1,1/2,...,0}% and observe
that the shift on ©7 extends to the shift on the compact space Sp. Gurevich
used a coding argument to show the entropy of the shift on ¥ is log A. Salama
[S] observed that the metric d(z,y) = Y ie___ |1/z; — 1/y:|/2"" on T7 can easily
be seen to give hy(S7,0) = log A. |

LEMMA 1.7: Let X C Xy be the set of nonrecurrent points for the shift oy,. Then
for all € > 0, there is a metric compactification X* of X and an extension T* of
T = 0| X such that h(T*) < e. In particular, hp = 0.

Proof of Lemma 1.7: The only facts we use about X is that it is a o-compact
subset of ¥; with universal measure zero (i.e., u(X) = 0 for all invariant Borel
probability measures p).

Write X = (J;2, Ai where A; = {z € Zp: d(T’(z),z) > Lforallj > 0}
Suppose that a sequence of positive rational ¢;’s have been chosen. Since X has
universal measure zero and A; is compact, there exists [O] m; such that

1 m,-—l
ooy Z xa,(T'z) < &
1 j:O

for all x € X. Since A; is the intersection of a decreasing family of open and
closed sets in ¥, there is an open and closed set U; O A; such that

1 m,-—l
— Y xu.(Tz) <&
m; <

3=0

for all x € X. Inductively define B; = U; and B; = U; ~U;_;. Then

(B.1) The B;’s are disjoint open and closed sets in Z.
(B.2) X c UZ, B..
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Let {Pr: 1 < r < k} be the usual time zero cylinder set partition of Zj.
Replacing each B; by B; N Py, ..., B; N P, we may also assume that

(B.3) Each B; is contained in some P;.

Let Y C [0,1] be the compact set {1,1,%,...,4...,0} andlet YZ =[2__ Y.
Define ¢: X — YZ by (¢(z)); = 1 where Ti(z) € B;. Properties (B1)-(B3) imply
that ¢ is a well defined embedding. We may therefore view the closure X* of
#(X) C YZ as a compactification of X and the restriction T* of the shift on Y2
as an extension of T'. It suffices to show that for any € > 0, the ¢;’s can be chosen
so that h(T*) < e.

Define a,: Y — {0,1,...,n — 1} by

a(l)—{l if1<i<n-1
"\1/ 7 | 0 otherwise

and define p,: {0,1,...,n} = {0,1,...,n — 1} by

Il f1<i<n-1,
nl= -
on(l) {o ifl=n.

Then a, and p, are continuous and satisfy a, = ppt1@n41. Extend these
coordinate wise to continuous maps A,: Y2 — %, and P,: Ya41 — Zn. Since
An = Poy1Any, the A,'s determine a limit map F: YZ — lim £,.. It is easy to
check that F is injective, surjective and continuous and is therefore a homeomor-
phism.

Define ¢,,: X — X, by ¢, = A,.¢. In other words,

if T'(z) € By forl < n,
0 otherwise.

(ona = {

Denote the closure of ¢,(X) in X,, by X and the restriction of the shift map by
T Xp — X;. Then F con_]ugates T*: X* — X* to llm(X »Ty). It therefore
suffices to show that each A(T}) <

We estimate h(T|X;) as follows. We restrict our attention to those integers
m such that m/m; and me; are integers for 1 < i < n. Since there is a bounded
distance between such values of m, they are sufficient for computing entropy.
The projection of any ¢,(z) onto [[i, Yo,1,...,n— 1} is a word of length m in
the letters 0,1,...,n — 1 with the property that each letter : # 0 occurs at most
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me; times. The number or such words is bounded by H?____ll ("’L';), so Stirlings
formula implies that

e 1, -
) —
A fim m I:I (mQ)
-3 n—1
< - [(1—€)]og(l — €;) + ¢; loge;].
i=1
We need only choose the €;’s so that —3(1—¢;) log(1 —¢€;) +¢; loge; < €/2. |

We now prove that hy may be strictly less than hp.
Dan Rudolph (see Appendix) constructed a o4-invariant Borel subset X C £,
satisfying:
(X.1) X has universal measure zero (and so hy (04| X) = 0).
(X.2) For every neighborhood U C X4 of X, there is an invariant measure u
satisfying u(U) = 1 and h,(04) = log2.
By taking the union of this set with the set of non-recurrent points, we may
assume that X also satisfies

(X.3) X contains all non-recurrent points.
THEOREM 1.8: Let T = 04|X: X — X. For any metric d on X, hq(T) > log?2.

Proof of Theorem 1.8: Let { Py, Py, P3, P4} be the usual time zero cylinder set
partition of ¥4. The P;’s are open and closed and they generate a basis for the
topology on ¥4. Denote P. N X by X,.
Since each z € X, has positive distance from ), X, there are basis elements

(i.e. cylinder sets) {B;} and constants ¢; > 0 such that

(B1) XcU=2,B

(B.2) Each B; is contained in some P,.

(B3) z € BiNnX,,y € X5,r # s = d(z,y) > €.

Let u be an invariant measure associated to U by property (X.2). For any
§ > 0, there exists M so that ;L(U?_'I:1 B)) >1-6/2. Forl1l <i < 4, let
C; = |J B; where the union is taken over {B;: 1 < j < M;B; C P;}. Define
C = {C1,C2,C3,C4}, C = Ui, Ci and v = min{ey, ..., en}

By Observation 1.1, it suffices to show that for all ¢ > 0, there is a compact set
K C X such that lim 1 log(r(n,C, K)) > log2 — ¢. As a preliminary step toward
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the construction of K, we construct a compact set K’ C C with the desired
growth rate.

Choose K’ and N as in Lemma 1.2 with § < ¢/2 chosen so that the constant
€(6) of Lemma 1.3 is less than €/2. Since the fixed point P = (...,1,1,1,...) is
not a regular point for i, we may assume that P ¢ K’, and hence that there is a
uniform bound to the number of consecutive 1’s that occur in an element of K’
(this property will be used at the end of the proof). By the Shannon-McMillan—
Breiman theorem

r(n, P, K') > (1 — 26)2h(TP)=8)n

for all sufficiently large n. This means lim Llogr(n,P,K') > h,(T,P) - 6.
Lemma 1.3 implies that

ﬁrﬁ%logr(n,c,K) > l—i—rﬁ%logr(n,’P, K') - ¢(8)
> h,(T,P) — (e(6) + 6) > log2 —e.

It now suffices to find a compact set K C X satisfying 7(n,C, K) > r(n,C, K’).
Define 7 = rp: C — 34 by

1 ifi<-m,
r(z) = :
z; otherwise.

Since C is a finite union of cylinder sets, 7(C) C C for all sufficiently large m.
We assume that m is chosen so that this property holds. Denote the compact set
r(K') C C by K. Since there is a uniform bound to the number of consecutive
1’s that appear in an element of K’, each element of K is non-recurrent; by
property (X.3), K C X. Finally note that if  and y are (n,C)-separated, then
r(z) and r(y) are also (n,C)-separated. This implies that r(n,C, K) > r(n,C, K’)
as desired. n

Question 1.9: Perhaps the most natural large set of universal measure zero is
the set VR of points that are not regular with respect to any invariant measure.
What is hp(NR)? Our proof of Lemma 1.7 does not apply to NR because NR is
an F,s instead of an F,, (i.e. NR is the intersection of o-compact sets but is not
itself o-compact). The techniques of Theorem 1.8 do not apply to VR because
NR has neighborhoods of universal small measure. More precisely, for all € > 0,
there is a neighborhood U D NR such that u(U) < e for all invariant measures
u. (We thank Dan Rudolph and Mate Wierdl for showing us how this last fact
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follows from a result of Bourgain [Bg].) We also thank the referee for pointing
out to us that this also follows from E. Bishop’s constructive ergodic theorem
[Bi].

Pesin and Pitskel’ [PP] have shown that Ay (NR) = log2 where hy is the
dimension theory type entropy of [Bo2] and [PP].

2. hP
The following proposition is the main result of this section. It shows that A” is
not, in general, an interesting invariant.
PROPOSITION 2.1: Suppose that X is a separable metric space with no isolated
points.
(1) If UTi(K) is compact for every compact K, then
i>0
hP(T) = hy(T)
= sup{h(A,T): compact invariant A C X}
= hp(T).

(2) If there exists a compact K with UTi(K ) noncompact, then
i>0
RP(T) = +oo0.
Proof of Proposition 2.1: First suppose that every compact K has a compact
forward orbit closure K*. For any metric d on X we have the following relations:

ha(K,T) < hg(K*,T) = h(T|K™).
Combining this with the variational principal for compact spaces, we see that
hP(T) = sup{h(A,T): compact invariant A C X} < hy (T).

Part (1) now follows from Proposition 1.4 and the fact that hp(T) < hP(T).
Next, suppose there is a compact K with a noncompact forward orbit closure.
Fix a metric d on X. Choose a sequence of points {z;} C K and an increasing
sequence of iterates n; — oo so that the sequence of points {T™(z;)} has no
convergent subsequences. By adding more points to K if necessary, we may

assume that the z;’s are not isolated in K. Choose disjoint closed neighborhoods
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U; = By(T™(x:), 6;) of T™ (z;) so that |Jio, U; is closed. Note that each x € X
has a neighborhood that intersects at most one U;. Define V; C U; by V; =
Ba(T™(x:), 6:/2).

LEMMA 2.2: For any sequence {m; > 1}, there is a metric d; on X such that

(1) dl Zdy

Proof of Lemma 2.2: We assume without loss that each 6; < 1. Define

2m; ifxel;
m(z) = . oo
1 ifr g US, U

and
p1(z,y) = max{r(z), 7(y)} - d(z, ).

Finally, define the new metric by

dl(xa y) =

k—1
inf {Z p1(Zs, Tig1): T = xo, ... ,Zx = y any finite collection of points in X} .
i=0

It follows immediately from the construction that d; is a metric and that d, >
d. Each x € X has a neighborhood W that intersects at most one U;. Thus
AW x W < d4|W x W < M -d|W x W for some constant M (that is either some
m; or 1). It follows that d and d; induce the same topology.

To verify (2), suppose that xg,...,Z; is any collection of points in X with
2o,z € Vi. If each 2; € Us, then Y50 pi (@i, 2ig1) = 2ms Yobrg d(zi, Tig1) >
2m;d(xo, zx) as desired. Now suppose that z; ¢ U; for some smallest [ > 0. Then
S o, wig1) > s pr(zi wign) 2 2m Yisgd(i,xig) 2 2mibi/2 =
m;6; > myd(zo, xk). 1

Using Lemma 2.2, we now complete the proof of Proposition 2.1. Let H be
a positive integer. Fix ¢ > 0. For each i > 1, choose H™ points {y}} in K
whose T™ images lie in V;. Let s; = min{d(T™(y}), T™(yi));j # k} and choose
integers m; > €/s;. Apply Lemma 2.2 to produce d; and note that the points
{y;} are {n;, €)-separated with respect to the metric d;. Thus rq, (n;,¢, K) > H™
and so hg, (T) > log H. Since H was arbitrary, hP = . [
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Remark 2.3: Suppose that T*: X* — X* is a homeomorphism of a compact
metric space and that T: X — X is the restriction of 7* to an invariant subset.
If there exists * € X such that w(7T*,z) ¢ X, then T: X — X falls into the
second case of Proposition 2.1. For a more general example of case 2, let X C S!
be the periodic points of the doubling map T*: $' — S§1, T*(z) = 2x( mod 1).
Choose periodic points x; — 0 such that the union of the orbits of the x;’s
are dense in S'. Then A = {2;,0} is a compact set whose orbit closure is not

compact.
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Appendix (by Daniel J. Rudolph)

In this appendix we will describe the construction of the example used in Theorem
1.8. In particular we will construct a Borel set S, in fact a G in the two shift
¥, = {0,1}% with the property that for any open set O O Sp, there is a shift
invariant Borel probability measure g with $(O) = 1, but for all shift invariant
measures pu, p(Sp) = 0.

Handel and Kitchens would also like to know that the set is shift invariant
and that the entropy h,(o) of the measure with 4(O) = 1 is bounded away
from zero, uniformly over the collection of open sets. Our basic example will not
satisfy this, as it is much easier to build zero entropy subshifts. We make the set
shift invariant by taking the original set’s orbit and eliminate the second defect
by lifting the example as the first coordinate of a direct product.

We begin with a nonconstructive description of the example. Let (X5, 0) be
the shift map on the full two-shift, and M be the compact convex set of all ¢
invariant Borel probability measures on X.

The collection of all open sets 7 in ¥, is of cardinality ¢. Let Mg C M be

some collection of nonatomic ergodic measures of cardinality ¢, and

o Mog—T
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some onto map.
For any p € Mo, either pu(¢(p)) = 1l oris < 1. If < 1 then H(p) =
{z ¢ ¢(u): x is regular for u} is not empty. Let

My = {p € Mo: H(u) # 0}

and let
iM%

be such that f(p) € H(u).
Set
So = Range(f).

LEMMA 1: For Sy as above, for any p € M, u(Sy) = 0, but for any open set O
containing Sy, for any u with ¢(u) = O, p(0) = 1.

Proof: It is enough to show that u(Sg) = 0 for u ergodic. All points in Sy
are regular for some ergodic but nonatomic measure p € M;. Hence for any
ergodic p € M, Sy contains at most one regular point for y, and if one, then u
is nonatomic. Hence the first part is true.

The second part is obvious as if S5 C O, then no pullback p in ¢~1(O) can be
in Mj. |

We wish to make the construction outlined above for Sy explicit, i.e. pick Mg
constructively, define ¢ constructively and obtain from it a constructive picture
of M; and then define f constructively so as to show Sy to be a Gjy.

The measures Mg will all come from nonatomic, minimal and uniquely ergodic
subshifts, hence it will only be necessary to describe their supports. This will
be done inductively on the levels of a binary tree. At level k we will define 2%
disjoint subshifts of finite type X1, g2, ..., Xg 2t C La. To move to level k+1
each Xy ; will be split by taking inside it two smaller disjoint subshifts of finite
type, Tx41,2j—1 and Xgyq 9;. This construction will be postponed until the end.

The assignment of open sets to elements of Mg will also take place inductively
on the levels of the tree. Let {C1,Cs,...} be some fixed listing of the cylinder
sets of ¥3. To each support Xy ; in the tree assign a finite union Oy ; of cylinders
from among Cy, ..., Ck. In particular set Op; = @ and

Ok+1,2~1 = Ok,;  and  Oky1,9j = Okj U Crya-
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Thus as we move down a branch of the tree the subshifts ¥y ;) nest down to
a limit subshift 2; and the clopen sets O j(x) nest up to an open set O;.. All
open sets appear, perhaps many times, among the limits 03.-.

Assuming the subshifts E; are minimal and uniquely ergodic, there is a unique
o invariant measure I supported on 2; for which all its points are regular, and
we define

#(uz) = ¢(3) = O;.
By unique ergodicity
H(pz) = 23.-\0;..
Thus
My = {5 E;\0; # 0}.

Imbed ¥, as the classical Cantor set in [0,1] and define, for py € My,
F(#3) = £(3) = sup(£;\0;).

LEMMA 2: Assuming that the tree of subshifts and clopen sets is as described
above, Range(f) is a Gs.

Proof: Each X ; is defined by a finite list of allowed cylinders Cy_;, whose union
is a clopen set Cj ;, where

Ek‘j = ﬂ O’i(Ck’j).
i€Z

We can assume all the cylinders in Cy ; are on the same indices {—n(k),...,n(k)]
where n(k) — oo and hence each limit subshift

E; = ﬂ Ck,j(k)-
k

Each set Oy ; is clopen, and so can also be assumed to be a union of cylinders
on the indices [—n(k),...,n(k)]. Hence each set

Ck,i\Ok,;

is a finite union of cylinders, and

ZA07 = [ Chite)\Ok j(x)-
k
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For each k, j, if Ci ;\Ok,; is not empty, let Si ; be the right-most cylinder in
[0,1] on the indices [—n(k),...,n(k)] contained in Cy ;\O;. If Ck ;j\Ok,; = 0
then Sy ; is not defined. We call S ; the maximal cylinder of Cy ;\Oy ; if it exists.
If Sy ; exists, set i ; = sup Sk,;. There are two possibilities along a branch of the
tree k,j(k), either all z, ; exist, in which case they form a decreasing sequence
and converge to f (f), or the sequence terminates at some stage, in which case
py ¢ M.

For k' > k, a maximal cylinder Si/ ;» will be contained in some cylinder C €
Ck,; where j is the smallest integer > §'/2F %, Let Q(k,k’,j') be the union of
all cylinders in Cy j» that are contained in C, i.e. all cylinders of Cy: ;; which lie
in the same cylinder from level k as the maximal cylinder Sy ;.

We will show -

So=[) U Qk.¥.5).

k=0 k' j'
k —~fixed

Suppose z € Sy, i.e.
z = sup(Z:\0;).

Then as

Trr gy, 70 T

forallk,ze J Q(k k5.
k—fixed

For the other direction, suppose z € {J Q(k,%',5) for all k. Then z € E;
k—fixed

for some unique ;. As z € Q(k, k', j'), for some k' > k, x € Cps € Cir j(k) Where
Sk iy and Cyr are both contained in the same cylinder C € Cy j(x). Writing
kK =k'(k),

2 = Cwon
k

and
dia(Chrr ey U Skr (), i (1)) 20
Hence Tk (k)5 (k' (k)) —,: x.
Thus the sequence z jxy does not terminate, and so converges to f (}) which

we see must be . [ |

All that remains now is to describe the construction of the subshifts Xy ;.
Perhaps the easiest choice is the Chacén family of subshifts (see [R], in particular
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page 124; [dJ,R,S]). We will give for each I ; a pair of finite names N, (k, 7) and
Ny(k, 7). Xk ; will consist of all doubly infinite words for which any finite subword
of length at most half that of N;(k, j) must actually appear in either Ny (k, j) or
N2 (k1 .7)
To begin
Ny(0,1) =0,
N»(0,1) =1

The next step is

Ni(1,1) = 00100010,

N,(1,1) = 001010010
and

Ni(1,2) = 01000100,

N»(1,2) = 010010100.

Inductively

Ni(k + 1,25 = 1) = Ni(k, 7)1 Ni(k, j) Ni(k, 5)°1 No(k, ),
Ny(k +1,2j ~ 1) = Ni(k, 5)*1 Na(k, ) 1 N (k, 5)*1 Ni(k, 5)
and
Ni(k +1,2§) = Ni(k, ) 1 Nu(k, §)*Ni(k, 5) 1L Na(k, 5)%,
Na(k +1,25) = Ni(k,5) 1 Na(k, 5)*1 Nu(k, 5) 1 Na(k, 5)%.
It is an observation that each ¥ ; so defined is a subshift of finite type. One

in fact easily sees they are mixing by noting that Xy ; consists of precisely all
infinite concatenations of the block

Ni(k —~1,(j +1)/2)*1 Ny(k — 1,(j + 1)/2) and the symbol 1
if 7 is even, and the block
Ni(k—1,5/2)1Ny(k —1,5/2)% and the symbol 1

if 7 is odd. From this one also sees that the subshifts nest down the branches of
the tree and that the limit subshifts are precisely the Chacén family of [R] and
hence are minimal, uniquely ergodic and weakly mixing.
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This construction does not satisfy all the requirements that Handel and
Kitchens require. They would also like to have that the set is shift invariant
and that for all f,

hu,(0) 2 o> 0.

This is trivially corrected. Let

o0
S= {J ¢%(S).
i=—oc0

S is a shift invariant G4, and has the same measure properties as Sg. All of our
measures ux are of entropy zero, so change to working on the 4-shift ¥p x £y =
Y4. Set X = § x Xy, It is a shift invariant G5, and has measure zero for all
shift invariant measures on X4 as its projection to its first coordinate does. For
any open set U containing X, there must be an open set O containing S with
Ox3¥,CU. HO= O]f then py X w(U) =1 for any p € M. In particular if u is
the Bernoulli 1/2,1/2 measure then hH;x”(a) = log2. Thus the X in the 4-shift
satisfies all their requirements. This completes onr work.,

Notice that Sy consists completely of regular points for some measure. This is
in fact necessary as the work of Bourgain [B] shows that the non-regular points

in ¥ have uniform measure zero.
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