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ABSTRACT 

We inves t iga te  Bowen ' s  metr ic  definit ion of topological en t ropy  for homeo-  

m o r p h i s m s  of non-compac t  spaces.  Different equivalent  met r ics  m a y  assign 

to the  h o m e o m o r p h i s m  different entropies.  We show tha t  the  i n f imum of 

the  metr ic  entropies  is grea ter  t h a n  or equal  to the  s u p r e m u m  of t he  mea-  

sure  theoret ic  entropies.  An  example  shows t ha t  it m a y  be  s t r ic t ly  greater .  

If t he  en t ropy  of t he  homeoraorph i sm can  v~ry as the  met r ics  vary we see 

t ha t  t he  s u p r e m u m  is infinity. 
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Introduct ion  

Topological entropy is an important tool in the study of dynamics on compact 

spaces. One reason for this is that topological entropy can be studied from 

more than one point of view. The original definition of Adler, Konheim, and 

McAndrew [AKM] used open covers. Bowen gave two definitions; the first [Boll 

used metrics and the second [Bo2] used information theory. A second reason for 

the usefulness of topological entropy on compact spaces is the variational prin- 

cipal ([Gw],[Di],[Gm]), which states that the topological entropy is equal to the 

supremum of the measure theoretic entropies over all invariant Borel probability 

measures. The connection between the measure theoretic and the topological 

entropy is also illustrated by Katok's ([Kk],[BK]) definition of measure theoretic 

entropy using the metric methods of Bowen. 

For non-compact spaces, there appears to be no such unity. Bowen generalized 

his metric definition to the non-compact setting in [Bol]. His definition from 

the information theory point of view [Bo2] was originally stated in terms of 

non-compact spaces and has since been greatly expanded by Pesin [Pe] and by 

Pesin and B.S. Pitskel' [PP]. The open cover definition of Adler, Konheim, and 

McAndrew can also be generalized. Unfortunately, there are no known relations 

between these three. One can still define measure theoretic entropy in the same 

way, although it is now possible that the space A/I(T) of all T invariant Borel 

probability measures on X will be empty. See [O] for a complete discussion of 

the existence of invariant measures. 

Our focus in this paper is on the Bowen metric definition. Let X be a (not 

necessarily compact) metric space with metric d and let T be a homeomorphism 

of X to itself. We denote the metric entropy, defined below, by hd(T). One 

immediate problem with this invariant is that it depends on the choice of d. 

For example, if X = • and T(x) = 2x, then one would expect (and it is easy 

to check) that hd(T) = log2 with respect to the usual metric on R. But T is 

conjugate to T~(x) = cx for any positive constant c. Using this conjugacy to 

change the metric, we see that hd(T) takes on all values in (0, c~) as d varies 

among topologically equivalent metrics. To create an intrinsic definition that 

does not depend on the choice of metric, we consider the extreme values for 

hd(T), namely, hD(T) = sup{hal(T)} and hD(T) = inf{hd(T)}. We show in 

section 2 that  h D is not a useful invariant; if hd(T) varies as a function of d, then 

hD(T) = c~. 
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We denote sup{h, (T) :  # E A~(T)} by hy(T). It  is not hard to show (Propo- 

sition 1.4) that  hv gives a lower bound for hD. One main result (Theorem 

1.8) of this paper  is that  a full variational principal does not hold. Namely, 

there exists a a4 invariant Borel subset X C E4 (the full 4-shift) such that  

hv(a4I X) < hD(r To prove this we rely on an example of an invariant 

Borel set X C E4 that  has measure zero with respect to any invariant Borel 

probability measure but for any open set containing X there is an invariant 

Borel probability measure that  gives the open set measure one. The example is 

due to Dan Rudolph and is explained in the appendix. This result is similar to 

one of Pesin and Pitsker  [PP], in which they show that  the variational principal 

does not hold for the information theory type entropy and its generalizations. 

The spaces and the techniques involved in these two examples are quite different. 

We conclude this section with Bowen's definition of hd(T). Let K _C X be a 

compact subset. A set E C_ K is an (n, e, K)  separated set if for every x, y C E 

there is an i, 0 _< i < n, so that  d(T~x, T~y) > e. Let rd(n, c, K) be the maximal 

cardinality of an (n, c, K)  separated set and let 

hd(T,K)=lim lim llogrd(n,e,K). 
~-~o n~oo n 

Then define the entropy of T with respect to d by hd(T) = sup hd(T, K), where 

the supremum is over all compact K C_ X. For a thorough discussion of these 

ideas see [W]. 

1. The  relat ionship be tween  hv and hD 

The main results of this section are (Proposition 1.4) that  hv <_ hD and that  

(Theorem 1.8) strict inequality hy < hD sometimes occurs. We also present 

some special cases (Lemmas 1.5, 1.6 and 1.7) in which hD = hv. 
We begin with some standard counting arguments. 

Let g = {C1,... , Ck} be any finite collection of disjoint subsets of X; C need 

not be a cover of X. We say that  a finite set E C X is (n, C)- s e p a r a t e d  if for any 

pair of distinct po in t sx ,  y C  K,  there exists 0 < _ i < n a n d l _ < r C s < _  k s u c h  

that  Tix E C~ and Tiy E C8. Define r(n, g, K) to be the maximal  cardinality of 

a (n, g)-separated subset of K. 

Our first observation will allow us to relate r(n, C, K) to hD. Note that  the 

hypothesis on ~ is automatically satisfied if the C~'s are compact.  
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OBSERVATION 1.1: Choose a metric d on X .  I f  

7 = min{d(C~,C,) :  1 < r r s _< k} 

is greater  than zero, then r(n,C, K)  <_ rd(n, 7t, K)  for all "~t <_ % 

The following two lemmas will allow us to relate r(n, C, K)  to hr .  

LEMMA 1.2: For any invariant measure # and compact set C with p(C) > 1 -6 /2 ,  

there is a compact set K C_ C with # ( K )  > 1 - 6 and an N so that for every 

n _> N and x E K 
n - - 1  

1 E x c ( T i x )  > 1 6. 
n 

i=0  

Proof of Lemma 1.2: For each N > 0, let 

n - 1  

GN(C)={x~X: I -6, Vn>N}. 
n 

~---m0 

It  suffices to show tha t  some K = C Cl GN(C) is compact  and satisfies # (K)  > 

1 - 6. The  first proper ty  follows from the fact tha t  each GN(C) is closed in X.  

For the second property,  note tha t  every regular point  of p is contained in some 

GN(C),  so tha t  #(UGN(C)) = 1. Since the GN(C)'s  are an increasing family, 

p(GN(C))  >_ 1 - 6/2, and hence p(C cl GN(C)) >_ 1 - 6, for all sufficiently large 

N.  II 

LEMMA 1.3: Let P = {P1 , . - .  ,Pk} be a Borel partition of X ,  let C~ C P~ be 

compact subsets and let C = { C1, . . . , Ck }. Suppose that K C_ C = U C~ is 

compact and that there exists 6 > 0 so that for all n > N and ali x E K 

n - 1  

1 E xc(T~x)  > 1 6. 
n 

i=o  

Then 

1 log r(n, c, K) _> ! log r(n, 7', K) - 
n n 

where e(6) --* 0 as 6 ~ O. 

Proof of  Lemma 1.3: If  z , y  E K and {x ,y}  is not  a (n ,C)-separated set, then 

we say tha t  x and y are ( n , C ) - i n d i s t i n g u i s h a b l e .  In other  words, x and y 

are (n,C)-indistinguishable if for each 0 < i < n, either bo th  Ti(x)  and Ti(y)  
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are contained in the same element of C or at  least one of the points  T{(x) or 

T~(y) is contained in X \ C. Assuming wi thout  loss tha t  6 is rat ional ,  choose 

n > N so tha t  6n is an integer. The  first s tep in the proof  is to show tha t  

the cardinal i ty  of a (n, 7))-separated subset  S C K,  all of whose elements  are 
2 6 n  n (n, C)-indistinguishable,  is at  most  k (2~n)" 

For x E S, let J(x) = {j: 0 < j < n; fJ(x) E X \ C}. By hypothesis ,  g(x) 
has cardinal i ty  a t  most  6n. Choose a collection J of 25n integers between 0 and 

n - 1. Suppose tha t  x , y  E S and tha t  J(x) U J(y) C J. If  0 < i < n - 1 is not 

an element  of J ,  then  bo th  Ti(x) and Ti(y) are contained in the same element 

of C and hence also in the same element of 7 ). Since {x, y} is (n, P ) - sepa ra ted ,  

there  exists i E J such tha t  Ti(x) and Ti(y) lie in different e lements  of 7 ). We 

conclude tha t  there are at  most  k 2~n points  x E S with J(x) C J. Our  claim 
n now follows f rom the fact tha t  there are at  most  (2~n) ways to choose J .  

We now know tha t  
r(n, p, K) 

r(n,C, K) > 

Use Stirl ing's  fornmla 

27r(n-aj ~ x 

to asympto t ica l ly  es t imate  (2~)" 

1 ( n ) )  
l im In logr(n,C, K) >_ l im ( l o g r ( n , 7  ~, K )  - logk  2~n - log 26n 

= 1-~ 1 log r(n, ~, K) - 26 log k 
n 

3 
+ ~ [(1 - 25)log(1 - 25) + 26 log(26)] 

All t e rms  involving 6 go to zero as 6 goes to zero. | 

We can now apply  our counting a rguments  to obta in  an inequali ty relat ing hD 

and hv. 

PROPOSITION 1.4: hv <_ hD. 

Proof of Proposition 1.4: Fix a metr ic  d, an invariant  Borel probabi l i ty  measure  

#, a finite Borel par t i t ion  P = { P 1 , . . . ,  Pk} and 6 > 0. Choose compac t  sets 
k 

Cr C_ Pr so t ha t  C = (J~=l C~ satisfies it(C) > 1 - 6/2. Choose K and N as in 

L e m m a  1.2. By  the S h a n n o n - M c M i l l a n - B r e i m a n  theorem 

r(n, 7 ~, K) > (1 - 26)2 (h~(T'7~)-5)n 



258 M. HANDEL ET AL. Isr. J. Math. 

l logr(n ,7) ,K)  > h , (T ,  7 ~) 5. for all sufficiently large n. This means lim ~ _ - 

Observation 1.1 and Lemma 1.3 imply that  for all sufficiently small "~ > 0 

hd(T) >_ lim 1 lOgrd(n, 7, K)  
n 

> lim 1 logr(n,C, K)  
n 

_> lim 1 log r(n, 7 ), K)  - e(~) >_ h~(T, P)  - (e(~) + 5). 
n 

Since e(~) + ~ can be made arbitrarily small, hd(T) >_ h , (T )  for all metrics d and 

all invariant measures #. | 

We now present some cases in which hv = hD. 

LEMMA 1.5: I f  X is a locally compact metric space, then b y (T )  = hD(T). 

In fact, there is a metric compactification X* of X and an extension T* of T 

such that h(T*) = hv(T) .  

Proof of Lemma 1.5: Since X is a locally compact metric space, its one point 

compactification X* is metric and T extends to a homeomorphism T*: X* --* X* 

that  fixes the point at infinity. The only ergodic invariant Borel probability 

measure on X* that  is not a measure on X is the point mass measure that  

gives the point at infinity mass one. Since this measure has entropy equal to 

zero, by(T*)  = by(T) .  The variational principal for compact spaces implies 

that  by(T*)  = hd(T*) for every metric d on X*. Lemma 1.5 now follows from 

Proposition 1.4 and the fact that  hdlx(T) ~_ hd(T*). | 

LEMMA 1.6: I f  X is a countable state Markov shift and T is the shift transfor- 

mation, then hv (T )  = hD(T). In fact, there is a metric compactification X* of 

X and an extension T* of T such that 

sup{h(A, T): compact invariant A} = hv (T)  = hD(T) = h(T*). 

Remark: The variational principal for compact spaces implies that  sup{h(A, T): 

compact invariant A} _< hv(T) .  In general, equality does not hold. For example, 

if T: X ~ X is a positive entropy minimal homeomorphism of a compact metric 

space, and if O(T, x) is the orbit of some x C X, then h v ( T  ". O(T, x)) = b y (T )  > 

0 but (T \ O(T, x)) contains no compact invariant sets. 

Proof of Lemma 1.6: This is a result of D. Vere-Jones IV-J] and B.M. Gurevich 

[G]. A discussion of the dynamics of countable state Markov shifts can be found in 
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[K]. A countable state Markov chain is defined by a countably infinite, irreducible, 

0-1 matrix. Vere-Jones showed that  the supremum over the spectral radius of the 

finite submatrices, A, is in many ways analogous to the Perron eigenvalue of a 

finite, nonnegative, irreducible square matrix. A finite square 0-1 matr ix  defines a 

subshift of finite type. It is compact with topological entropy log A where A is the 

Perron value. This means sup{h(A, T): compact invariant A C_ X} >__ log A where 

is the Perron value defined by Vere-Jones. Gurevich defined a compactification 

with entropy log A as follows. Let T be a countably infinite 0-1 matrix. It  

defines a countable state Markov shift, ET, that  is a shift invariant subset of 

{1, 2, 3 , . . .  }z. We think of the one point compactification of the positive integers 

as {1, 1/2, 1 / 3 , . . . ,  0}, let ET be the closure of ET in {1, 1 /2 , . . .  , 0} z and observe 

that  the shift on ET extends to the shift on the compact space ET. Gurevich 

used a coding argument to show the entropy of the shift on ET is log )~. Salama 

IS] observed that  the metric d(x, y) = ~ i ~ - ~  I1/xi - 1/Yil /2N on ET can easily 

be seen to give hd(ET, a) = log)~. | 

LEMMA 1.7: Let X C Ek be the set of  nonrecurrent points for the shift ak. Then 

for all ~ > 0, there is a metric compactification X* of X and an extension T* of  

T -- ak[X such that h(T*) < e. In particular, hD = O. 

Proof  of  Lemma 1.7: The only facts we use about X is that  it is a a-compact  

subset of Ek with universal measure zero (i.e., p (X)  -- 0 for all invariant Borel 

probability measures #). 

! for all j > 0}. Write X = Ui=lAi  where A~ = {x C Ek: d(TJ ( z ) , x )  >_ 

Suppose that  a sequence of positive rational e~'s have been chosen. Since X has 

universal measure zero and Ai is compact,  there exists [0] mi such that  

1 mi-1 

for all x E X.  Since A~ is the intersection of a decreasing family of open and 

closed sets in Ek, there is an open and closed set U~ D Ai such that  

1 rni--1 

- E  m~ :~u'(TJx) <- c~ 
j=0 

for all x C X. Inductively define B1 = U1 and B~ = Ui \ U~_I. Then 

(B.1) The Bi 's  are disjoint open and closed sets in Ek. 
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Let {P~: 1 < r < k} be the usual time zero cylinder set partition of E~. 

Replacing each B~ by B i n  P1 , . . . ,  Bi N Pk, we may also assume that  

(B.3) Each Bi is contained in some ,Dr. 

oo Let Y C [0, 1] be the compact set {1, 1 1 1 ., 0} and let yZ I-li=-oo Y. 2 '  3 ' ' ' ' ' I ' ' "  ~- 

Define r X ~ yZ by (r  = ~ where Ti(x) E Bl. Properties (BI)-(B3) imply 

that r is a well defined embedding. We may therefore view the closure X* of 

r  C Y~ as a compactification of X and the restriction T* of the shift on yT. 

as an extension of T. It suffices to show that for any ~ > 0, the ei's can be chosen 

so that  h(T*)  < ~. 

Define a , :  Y ~ {0, 1 , . . . , n -  I} by 

( } )  { l  i f l < l < n - 1  

an = 0 otherwise 

and define pn: {0, 1 , . . . , n }  --* {0, 1 , . . . , n -  1} by 

l i f l < / < n - 1 ,  
pn(l) = 0 if I = n. 

Then an and pn are continuous and satisfy an = p,,+la,~+l. Extend these 

coordinate wise to continuous maps A,,: yZ  __, ~,, and Pn: Zn+l --* ~,,. Since 

An = Pn+lAn+l ,  the An's determine a limit map F: yZ _., l imE, .  It is easy to 

check that F is injective, surjective and continuous and is therefore a homeomor- 

phism. 

Define r  X --* ~ .  by ~bn = A,~r In other words, 

l if Ti(x) E Bl for I < n, 

(q~n(X))i = 0 otherwise. 

Denote the closure of Cn(X) in Zn by X~ and the restriction of the shift map by 

T~: X~ ~ X,~. Then F conjugates T*: X* ~ X* to lim(X~,T~). It therefore +__- 

s u f f i c e s  to show that  each h(T*)  < ~. 

We estimate h(T~JX~) as follows. We restrict our attention to those integers 

m such that m / m i  and mei are integers for 1 < i < n. Since there is a bounded 

distance between such values of m, they are sufficient for computing entropy. 

m-1 . . ,  1} is a word of length m in The projection of any r onto I-L=o {0, 1,. n--  

the letters 0, 1 , . . . ,  n - 1 with the property that each letter i ~t 0 occurs at most 
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n - 1  rn The number or such words is bounded by I-[i=1 (m J ,  so Stirlings 

We need only choose the ei's so that - 3  (1 - e i )  log(1 - e i ) +  ~ log ei < e/2 i. | 

We now prove that  hy may be strictly less than hD. 

Dan Rudolph (see Appendix) constructed a a4-invariant Borel subset X C E4 

satisfying: 

(X.1) X has universal measure zero (and so hy(a4lX) = 0). 

(X.2) For every neighborhood U C_ E4 of X, there is an invariant measure # 

satisfying #(U) = 1 and hu(a4 ) = log 2. 

By taking the union of this set with the set of non-recurrent points, we may 

assume that  X also satisfies 

(X.3) X contains all non-recurrent points. 

THEOREM 1.8: Let T = a41X: X ~ X.  For any metric d on X,  ha(T) >_ log2. 

Proof of Theorem 1.8: Let {Pz, P2, P3, P4} be the usual time zero cylinder set 

partition of E4. The Pi's are open and closed and they generate a basis for the 

topology on E4. Denote P~ N X by Xr. 

Since each x C X~ has positive distance from [,Js#r Xs, there are basis elements 

(i.e. cylinder sets) {Bi} and constants ei > 0 such that 

(B.1) X c U = (-Ji=l Bi. 

(B.2) Each Bi is contained in some P~. 

(S.3) x e B ~ A X ~ , y E X s , r C s ~ d ( x , y ) > e i .  

Let # be an invariant measure associated to U by property (X.2). For any 
M 6 > 0, there exists M so that #(Ui=lBi) > 1 - 6 / 2 .  For 1 < i < 4, let 

Ci = UBj  where the union is taken over {Bj: 1 <_ j <_ M;Bj  C Pi}. Define 

4 min{el, ' ,  {[M }" C : (C1 ,  C2, 6 3 ,  C4},  C ~- Ui=I Ci a n d  "y -- . .  

By Observation 1.1, it suffices to show that for all e > 0, there is a compact set 

K c X such that  li-~ • log(r(n, C, K)) > log 2 - e. As a preliminary step toward 
n 

hi(m) 
h(T z) < • log 1-I m,, 

m i=1 

3 n - 1  
< ~ y~[(1 -e,)log(1-e,)+ e, loge~]. 

i=1 
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the construction of K,  we construct a compact set K I C C with the desired 

growth rate. 

Choose K I and N as in Lemma 1.2 with 5 < c/2 chosen so that  the constant 

e(5) of Lemma 1.3 is less than e/2. Since the fixed point P = ( . . . ,  1, 1, 1 , . . .  ) is 

not a regular point for #, we may assume that  P ~ K ~, and hence that  there is a 

uniform bound to the number of consecutive l ' s  that  occur in an element of K t 

(this property will be used at the end of the proof). By the Shannon-McMillan- 

Breiman theorem 

r(n, ~P, K') > (1 - 26)2 (h~(T'7))-~)n 

for all sufficiently large n. This means lim�88 >_ h,(T,P) - 5. 
Lemma 1.3 implies that  

lim 1 log r(n, C, K) >_ ~-~ 1 log r(n, ~, g ')  - ~(~) 
n n 

>_ h,(T,P) - (e(~) + 6) > log2 - c. 

It  now suffices to find a compact set K C X satisfying r(n, g, K) :> r(n, g, K~). 
Define r = rm: C -~ E4 by 

r(x)= { 1 i f i < - m ,  
xi otherwise. 

Since C is a finite union of cylinder sets, r(C) C C for all sufficiently large m. 

We assume that  m is chosen so that  this property holds. Denote the compact set 

r(K ~) C C by K.  Since there is a uniform bound to the number of consecutive 

l ' s  that  appear in an element of K', each element of K is non-recurrent; by 

property (X.3), K C X. Finally note that  if x and y are (n, g)-separated, then 

r(x) and r(y) are also (n, g)-separated. This implies that  r(n, g, K) > r(n, C, K') 

as desired. | 

Question 1.9: Perhaps the most natural large set of universal measure zero is 

the set NR of points that  are not regular with respect to any invariant measure. 

What  is hD(NR)? Our proof of Lemma 1.7 does not apply to NR because NR is 

an Fo~ instead of an Fo (i.e. NR is the intersection of a-compact  sets but is not 

itself a-compact) .  The techniques of Theorem 1.8 do not apply to NR because 

NR has neighborhoods of universal small measure. More precisely, for all e > 0, 

there is a neighborhood U D NR such that  #(U) < ~ for all invariant measures 

tt. (We thank Dan Rudolph and Mate Wierdl for showing us how this last fact 
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follows from a result of Bourgain [Bg].) We also thank the referee for pointing 

out to us that  this also follows from E. Bishop's constructive ergodic theorem 

[Bi]. 

Pesin and Pitskel' [PP] have shown that  hH(NR) = log2 where hH is the 

dimension theory type entropy of [Bo2] and [PP]. 

2. h D 

The following proposition is the main result of this section. It shows that  h D is 

not, in general, an interesting invariant. 

PROPOSITION 2.1: Suppose that X is a separable metric space with no isolated 

points. 

(1) If [_JT~(K) is compact for every compact K, then 
i_>0 

h D(T) = hv(T) 

= sup{h(A, T): compact invariant A c_ X}  

= hD(T). 

(2) I f  there exists a compact K with U T i ( K )  
i_>o 

hD(T)  = + ~ .  

noncompact, then 

Proof of Proposition 2.1: First suppose that  every compact K has a compact 

forward orbit closure K*. For any metric d on X we have the following relations: 

hd(K,T) <_ hd(K*,T) = h(TIK* ). 

Combining this with the variational principal for compact spaces, we see that  

hD(T) = sup{h(A, T): compact invariant A C_ X} < hv(T). 

Part  (1) now follows from Proposition 1.4 and the fact that  hD(T) <_ hD(T). 

Next, suppose there is a compact K with a noncompact forward orbit closure. 

Fix a metric d on X. Choose a sequence of points {xi} C_ K and an increasing 

sequence of iterates ni --* oo so that  the sequence of points {T '~(xi)} has no 

convergent subsequences. By adding more points to K if necessary, we may 

assume that  the xi 's  are not isolated in K.  Choose disjoint closed neighborhoods 
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Ui = Bd(T m (xi), ~)  of T'~'(xi) so that Ui=I~ Ui is closed. Note that each x E X 

has a neighborhood that intersects at most one Ui. Define V~ C Ui by V/ = 

Bd(T n' (xi), ~fi/2). 

LEMMA 2.2: For any sequence {mi > 1}, there is a metric dl on X such that 

(1) dl > d, 

(2) dllV~ x V/>  mi .  dlVi x Vi. 

Proof of Lemma 2.2: We assume without loss that each dfi < 1. Define 

2m~ if x E Ui 
T(X) 

1 if x r U~=l Ui 

and 

.d(x,y). 

Finally, define the new metric by 

d l ( x , y )  = 

i n f l ~ - ~ P l ( X i ' X i + l ) : X = X ~ 1 7 6 1 7 6 1 7 6 1 7 6  " t  i=o 

It follows immediately from the construction that dl is a metric and that dl > 

d. Each x E X has a neighborhood W that intersects at most one Ui. Thus 

dlW • W <_ d l lW x W < M .dlW x W for some constant M (that is either some 

mi or 1). It follows that d and dl induce the same topology. 

To verify (2), suppose that Xo, . . . , xk  is any collection of points in X with 

XO,Xk e Vi. If each x, e Ui, then ~-~-01 p,(xi, xi+,) = 2mi ~ = 1  d(x, ,x,+l) >_ 

2mld(xo, xk) as desired. Now suppose that x~ • Ui for some smallest l > 0. Then 
k - 1  l - 1  l--1 

~'~i=o pl(xl ,xi+l)  > ~'~i=oPl(Xi, Xi+l) > 2mi~i=od(x i , x i+l )  >_ 2miSi/2 = 

mini >_ mid(xo, xk). | 

Using Lemma 2.2, we now complete the proof of Proposition 2.1. Let H be 

a positive integer. Fix e > 0. For each i > 1, choose H n' points {yj} in K 

whose T n' images lie in If/. Let si min{d(T n, (yj), Tn~ i . . = (Yk)),3 r k} and choose 

integers mi > e/.sl. Apply Lemma 2.2 to produce dl and note that the points 

{yj } are (ni, e)-separated with respect to the metric dl. Thus rdl (ni, e, K)  > H n' 

and s o  hdl (T) >_ log H. Since H was arbitrary, h D = oc. | 
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Remark  2.3: Suppose that T*: X* -* X* is a homeomorphism of a compact 

metric space and that T: X --* X is the restriction of T* to an invariant subset. 

If there exists x E X such that w(T*,x) ~ X, then T: X --* X falls into the 

second case of Proposition 2.1. For a nmre general example of case 2, let X C S 1 

be the periodic points of the doubling nmp T*: S 1 ~ S 1, T*(x)  = 2x( rood 1). 

Choose periodic points xi ~ 0 such that the union of the orbits of the xi's 

are dense in S 1. Then K = {xi, 0} is a compact set whose orbit closure is not 

compact. 
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Appendix (by Daniel J. Rudolph) 

In this appendix we will describe the construction of the example used in Theorem 

1.8. In particular we will construct a Borel set So, in fact a G~ in the two shift 

~2 = {0, 1} z with the property that  for any open set O _D So, there is a shift 

invariant Borel probability measure p with #(0 )  = 1, but for all shift invariant 

measures #, #(So) = O. 

Handel and Kitchens would also like to know that  the set is shift invariant 

and that  the entropy h , (a )  of the measure with #(0 )  = 1 is bounded away 

from zero, uniformly over the collection of open sets. Our basic example will not 

satisfy this, as it is much easier to build zero entropy subshifts. We make the set 

shift invariant by taking the original set 's orbit and eliminate the second defect 

by lifting the example as the first coordinate of a direct product. 

We begin with a nonconstructive description of the example. Let (~2, a)  be 

the shift map on the full two-shift, and ~4 be the compact convex set of all a 

invariant Borel probability measures on ~. 

The collection of all open sets T in Z2 is of cardinality c. Let 3//0 _C A~ be 

some collection of nonatomic ergodic measures of cardinality c, and 

r Ado ---* 7 
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some onto map. 

For any p E Ado, either #(r  = 1 or is < 1. 

{x ~ r x is regular for p} is not empty. Let 

If < 1 then H(#)  = 

and let 

be such that f (#)  e H(#). 

Set 

f :  .A/J1 --+ 

So = Range(f) .  

LEMMA 1: For So as above, for any it E Ad, #(So) = O, but for any open set 0 

containing So, for any # with r = O, #(O) -- 1. 

Proof." It is enough to show that #(So) = 0 for # ergodic. All points in So 

are regular for some ergodic but nonatomic measure # E AJ1. Hence for any 

ergodic p C A/I, So contains at most one regular point for #, and if one, then p 

is nonatomic. Hence the first part is true. 

The second part is obvious as if So C_ O, then no pullback # in r  can be 

in A,~I. | 

We wish to make the construction outlined above for So explicit, i.e. pick A~o 

constructively, define r constructively and obtain from it a constructive picture 

of A~ 1 and then define f constructively so as to show So to be a G~. 

The measures A~o will all come from nonatomic, minimal and uniquely ergodic 

subshifts, hence it will only be necessary to describe their supports. This will 

be done inductively on the levels of a binary tree. At level k we will define 2 k 

disjoint subshifts of finite type Ek,1, Ek,2,. �9 Ek,2k C ~2. To move to level k + 1 

each Ek,j will be split by taking inside it two smaller disjoint subshifts of finite 

type, Ek+l,2j-1 and Ek+l,2j. This construction will be postponed until the end. 

The assignment of open sets to elements of A~o will also take place inductively 

on the levels of the tree. Let {C1, C~, . . .  } be some fixed listing of the cylinder 

sets of E2. To each support Ek,j in the tree assign a finite union Ok,j of cylinders 

from among C1 , . . . ,  Ck. In particular set O0,1 = 0 and 

Ok+1,2i-1 -- Ok,j and Ok+l,2j -- Ok,j U Ck+l. 
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Thus as we move down a branch of the tree the subshifts 2k,j(k) nest down to 

a limit subshift ~ -  and the clopen sets Ok,j(k) nest up to an open set O~. All 

open sets appear, perhaps many times, among the limits O~. 

Assuming the subshifts E~ are minimal and uniquely ergodic, there is a unique 

a invariant measure #~ supported on ~y for which all its points are regular, and 

we define 

By unique ergodicity 

Thus 

r  = r = os .  

H(#~) = 2~\Oj.  

J ~ l  = {1~;: 2 ; \ 0 ;  ~ 0}. 

Imbed P'a as the classical Cantor set in [0, 1] and define, for #~ e A41, 

f(#y) = f(~') = sup(~y\Oy). 

LEMMA 2: Assuming that the tree of subshifts and clopen sets is as described 
above, Range(f) is a G~. 

Proof: Each Ek,j is defined by a finite list of allowed cylinders Ck,j, whose union 

is a clopen set Cks, where 

 k,j = N  i(ck,j). 
iEZ 

We can assume all the cylinders in Ck,j are on the same indices [ - n ( k ) , . . . ,  n(k)] 

where n(k) -~ ~ and hence each limit subshift 

E j  = N Ck,j(k). 
k 

Each set Ok,j is clopen, and so can also be assumed to be a union of cylinders 

on the indices [ - n ( k ) , . . . ,  n(k)]. Hence each set 

Ck,j\O ,j 

is a finite union of cylinders, and 

sy\oy = N 
k 
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For each k,j ,  if Ck,j \Ok, j  is not empty, let Sk,j be the right-most cylinder in 

[0, 1] on the indices [ - n ( k ) , . . . ,  n(k)] contained in Ckd\Ok,j. If Ck,j\Ok,j = 
then Sk5 is not defined. We call Sk,j the maximal cylinder of Ckd\Okd if it exists. 

If Sk,j exists, set xkd = sup Skd. There are two possibilities along a branch of the 

tree k,j(k),  either all xk,j exist, in which case they form a decreasing sequence 

and converge to f(~), or the sequence terminates at some stage, in which case 

~ r J ~ l "  

For k' >_ k, a maximal cylinder Sk,,j, will be contained in some cylinder C E 

Ck,j where j is the smallest integer > j ' /2  k'-k. Let Q(k, k ' , j  f) be the union of 

all cylinders in Ck, d, that are contained in C, i.e. all cylinders of 6k,,j, which lie 

in the same cylinder from level k as the maximal cylinder Sk, d,. 
We will show 

k=O k',j' 
k -fixed 

Suppose x E So, i.e. 

Then as 

for all k, x E U Q(k,k' , j ') .  
k--fixed 

x = sup(EAO~- ). 

Xk',j(k'), ~, X, 

For the other direction, suppose x E U Q(k,k' , j ' )  for all k. Then x E E~ 
k--fixed 

for some unique )*. As x E Q(k,k' , j ') ,  for some k' > k, x E Ck, e Ck'd(k') where 

Sk,,j(k,) and Ck, are both contained in the same cylinder C C Ck,j(k). Writing 

k ' =  k'(k), 

x = N Ck,(k) 
k 

and 

dia(Ck,(k) U Sk'(k)d(k'(k))) -~ 0. 

Hence Xk'(k),j(k'(k)) -~ X. 

Thus the sequence xk,j(k) does not terminate, and so converges to f ( ] )  which 

we see must be x. | 

All that remains now is to describe the construction of the subshifts Ek,j. 

Perhaps the easiest choice is the Chac6n family of subshifts (see [R], in particular 
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page 124; [dJ,R,S]). We will give for each Ek,j a pair of finite names N1 (k, j)  and 

N2(k, j). Ek,j will consist of all doubly infinite words for which any finite subword 

of length at most half that of N1 (k, j)  must actually appear in either N1 (k, j )  or 
g2(k,j). 

To begin 

The next step is 

NI(0, 1) =0, 

N2(0, 1) =1. 

NI(1, 1) = 00100010, 

N2(1, 1) = 001010010 

and 

NI(1, 2) = 01000100, 

N2(1, 2) = 010010100. 

Inductively 

Nl(k + 1, 2j - 1) = Nl(k,j)21 gl(k,j)Nl(k,j)21 Nl(k,j), 

N2(k + 1, 2j - 1) = N~(k,j)21 gl(k , j )  1 N~(k,j)21 N~(k,j) 

and 

Nl(k + 1, 2j) = Nl(k,j) 1 Nl(k,j)2gl(k,j)  1 Nl(k,j) 2, 

N2(k + 1, 2j) = g l  (k, j)  1 Nl(k, j)21 Nl(k, j) 1 Nl(k, j)2. 

It is an observation that each ~k,j SO defined is a subshift of finite type. One 

in fact easily sees they are mixing by noting that Ek,j consists of precisely all 

infinite concatenations of the block 

Nl(k - 1, (j + 1)/2)21 Ni(k - 1, (j + 1)/2) and the symbol 1 

if j is even, and the block 

N l ( k -  1 , j /2 )1  g l ( k -  1,j /2)  2 and the symbol 1 

if j is odd. From this one also sees that the subshifts nest down the branches of 

the tree and that the limit subshifts are precisely the Chac6n family of [R] and 

hence are minimal, uniquely ergodic and weakly mixing. 
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This construction does not satisfy all the requirements that Handel and 

Kitchens require. They would also like to have that the set is shift invariant 

and that for all ~, 

h,;  (~) >_ a > o. 

This is trivially corrected. Let 

s= U 
i ~  i o , o  

S is a shift invariant G~o and has the same measure properties as So. All of our 

measures # j  are of entropy zero, so change to working on the 4-shift E2 x E2 = 

E4. Set X = S • E2. It is a shift invariant G~o and has measure zero for all 

shift invariant measures on E4 as its projection to its first coordinate does. For 

any open set U containing X, there must be an open set O containing S with 

O x E2 C U. If O = O 7 then #7 x #(U) = 1 for any # C M.  In particular if # is 

the Bernoulli 1/2, 1/2 measure then huj• = log 2. Thus the X in the 4-shift 

satisfies all their requirements. This completes our work. 

Notice that So consists completely of regular points for some measure. This is 

in fact necessary as the work of Bourgain [B] shows that the non-regular points 

in E have uniform measure zero. 
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